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Abstract: The goal of this study is to concentrate on various graph operations on graceful labeling in order to produce new families 

of graceful labeling. Every elegant graph is (k, d)-graceful, k-graceful, and odd-even graceful, according to this work. We also 
demonstrated that a graph formed by connecting two graceful graphs G, H with a path Pn of any length is graceful. We also acquired 

graceful labeling equivalence and odd-even graceful labeling equivalence. We've also looked at "Graceful Graphs" and examined 

one of the most important applications of Graceful Graphs in the world of Computer Science, namely MULTI PROTOCOL LABEL 

SWITCHING (MPLS) in Networking. The MPLS technology offers a wide range of networking applications. This feature denotes 

the presence of the graceful labeling idea in Computer Networks. 
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I. Introduction 

 
 We begin with simple, finite, connected and undirected graph  G =(V(G),E(G)) with |V(G)| = p and |E(G)| = q. Gross and 

Yellen are our go-to sources for standard vocabulary and notation. We provide a quick rundown of terminologies and other 

background facts that are required for the current study. Graph labeling is a hot topic in graph theory, with applications in encoding 

theory, communication networks, optimal circuit architectures, and graph decomposition issues. Graph labeling, according to 

Beineke and Hegde, acts as a bridge between number theory and graph structure. Gallian provides a current survey of numerous 
graph labeling challenges as well as a comprehensive library. 

 

 Rosa dubbed elegant labeling-valuation, and subsequently Golomb coined the word graceful labeling, which is now widely 

used. There have been several infinite families of graceful and non-graceful graphs investigated. The famous Ringel-Kotzig tree 

conjecture, as well as many distinguished works on graceful graphs, ushered in a wave of beautiful labeling schemes. The 

gracefulness of the union of two path graphs with grid graph and complete bipartite graph was studied by Vaidya et al. Kaneria et 

al. looked at the gracefulness of a few different types of unconnected graphs. Vaidya and Lekha looked into the beautiful labeling 

of several graphs linked to cycles. Edge graceful labeling, Fibonacci graceful labeling, odd graceful labeling, and more forms of 

graceful labeling have recently been introduced. Gnanajothi pioneered the concept of unusual elegant labeling. The graph 𝐾𝐾,𝐾 can 

be decomposed using an odd elegant labeling of tree T of order n. Sekar proves that pathP n and even cycle 𝐾𝐾 splitting graphs are 

odd-graceful, while Kathiresan proves that ladders and graphs generated by subdividing each step exactly once are odd-graceful. 

Many results on odd elegant labeling were demonstrated by Vaidya and Lekha. The purpose of this paper is to address various first-
order difficulties in the context of graceful and odd graceful labeling. A graph G = (V, E) consists of a collection of vertices V and 

edges E connecting pairs of points in V. A symmetric irreflexive relation on V x V is what determines the edges. A labeled graph 

G = V,E is made up of a finite number of graph vertices V and a set of graph edges E that are 2-subsets of V. The number of vertex-

labeled graphs is given by 2n(n-1)/2 given a graph vertex set Vn = 1, 2,...,n. If there is a permutation P of Vn such that u,v is in the 

set of graph edges E(G) iff p(u),p(v) is in the set of graph edges E(G), two graphs G and H with graph vertices Vn = 1, 2,...,n are 

said to be isomorphic (H). 
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II. Preliminaries 

 
Definition  2.1: Graph  

A Graph G = (V, E) Is Made Up Of A Finite Non-Empty Set V Of Objects Known As Vertices And A Set E Of Unordered 

Pairings Of Different Vertices Known As Edges. 

 

 

 

 

 

      Figure 1:  Graph. 

 

Definition 2.2: Connected, Disconnected And Component: 

If there is at least one path between every pair of vertices in a graph G, it is said to be linked. G isn't connected if that's the case. A 

disconnected graph is made up of two or more subgraphs that are connected. A component is the name given to each of these 

connected subgraphs. 

 

 

   

 

 

 

 

(A) Connected Graph                            (B) Disconnected Graph 

Figure 2: Connected And Disconnected Graphs 

 

Definition2.3: Bigraph Or Bipartite Graph  

If V(G) can be partitioned into two disjoint subsets 𝐾1,𝐾2 such that every line of G joins a point of 𝐾1 to a point of 𝐾2, it is called 

a bigraph(or) bipartite graph. A bipartition of G is defined as (𝐾1,𝐾2). 

 

 

 

 

 

 

      Figure 3: Bipartite Graph. 

 
Definition 2.4: Complete Bipartite Graph 

If every vertex of V1 is adjacent to every vertex of V2, a bipartite graph with bipartition (V1, V2) is called a complete bipartite 

graph. 
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Definition 2.5: Unicyclic 

A unicyclic graph is one that has exactly one cycle. 

 

 

 

 

 

 

 

                             Figure 4: Unicyclic Graph 

Definition 2.6: Graceful Graphs Definition 

A graceful graph is a labeled  graph that may be Gracefully Numbered. 

In Order To Achieve This: 

1. Assign separate nonnegative integers to the nodes (vertices) (say, between 0 and e – both inclusive, where e is the number of 

edges). 

2. Use the absolute differences between node values to label the graph edges. The graph is beautifully numbered if the graph edge 

numbers go from 1 to e. A graph must not have loops or many edges in order to be elegant. 

3. The pictures below show several examples of Graceful Graphs (which are also complete graphs) that meet the requirements of 

our concept. 

                           Figure 5: Graceful Graphs 

Definition2.7: Edge-Graceful Graph 

Given a graph G, the set of edges is denoted by E(G), and the vertices are denoted by V. (G). Let q represent the cardinality of E(G) 

and p represent the cardinality of V. (G). The goal is to create a labeling scheme for the edges that uses all of the labels from 1 to 

q only once, with the induced labels on the vertices running from 0 to p-1. To put it another way, the final set for edge labels should 
be (1, 2...q) and (0, 1,..., p-1) for vertices. A vertex u of the graph is labeled by the total of the labels of the edges incident to it, 

modulo p, once the edges have been labeled.  

 

If a graph G admits edge-graceful labeling, it is said to be edge-graceful. 

 
Example 

Take the C3 cycle, which has three vertices. This is nothing more than a triangle. Label the edges 0, 1, and 2 and confirm that this, 

together with the induced labeling on the vertices, results in an edge-graceful labeling. 

When m is odd, Cm is edge-graceful; when m is even, Cm is not.The following graphic depicts an edge-graceful labeling of C5: 2 

+ 3 mod 5 = 0 should be the node number corresponding to edges 2 and 3. In the same way, the node that corresponds to edges 5 

and 1 should be 5 + 1 mod 5 = 1. We may fill the remaining nodes in the same way to get the edge graceful labeling seen above. 

He discovered that for all edge-graceful graphs, p divides q2 + q –p(p–1)/2 by analyzing edge-graceful graphs and the link between 

the vertex labels and the edge labels. This is something we can currently demonstrate. 1 + 2 + 3 +...+ (p–1) is the sum of the values 
of all the vertices. This sum, however, equals twice the sum of all the edge values mod p, thus 1+ 2 + 3 +... + (p–1) = 2 (1+ 2 + 3 

+... + q) mod p, yielding p(p–1)/2 = 2(q(q+1)/2 mod p = q2+q mod p. As a result, q2 + q – p(p–1)/2 = 0 mod p or p q2 + q – p (p–

1)/2, depending on your preference.  

 

 

a 
e 

b d 

c 
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Definition 2.8: Graph Labeling 

Graph labeling is the process of assigning values to vertices based on particular conditions. 

 

Definition 2.9: Graceful Labeling 

If 𝐾:𝐾(𝐾) → {0,1,2, … ,𝐾}  is injective and the induced function 𝐾∗ :𝐾(𝐾) →  {1,2, … ,𝐾} defined as 𝐾∗(𝐾 = 𝐾𝐾) = |𝐾(𝐾) −
𝐾(𝐾)| is bijective, the function f is called graceful labeling of a graph G. A graceful graph is one that allows for graceful labeling. 

 

III. Applications Of Graceful Graphs And Some Theorems 

 

Graceful Label Numbering In  MPLS Networks 

What is MPLS, and how does it work? 

Multi Protocol Label Switching (MPLS) is a routing technology that imitates connection-oriented forwarding in a connectionless 

(IP) environment by using media-specific labels. 

• Transport with many levels of label substitution. 

• To establish labels, use hop-by-hop or source routing. 

MPLS (Multi Protocol Label Switching) is a data-carrying technique that simulates some of the characteristics of a circuit-switched 

network over a packet-switched network.MPLS is often observed as a "Layer 2.5" protocol since it operates at an OSI Model layer 

that's typically thought to be between the information link layer and therefore the network layer. It had been created to produce one 

data-carrying service for circuit-based clients still as packet-switching clients that support the datagram service model. 

 

● MPLS is a protocol that, among other things, 

●  Enhances a network's performance and scalability. 

● Explicit routing and traffic engineering (which manages packet flow patterns) are particularly efficient (Constraint-based 

Routing/Quality of Service) (based on priority) 

●  A Virtual Private Network is employed in the separation of control (routing) and forwarding. 

How MPLS works? 

 
 Figure 5: MPLS Network 

Label Entry Contains Four Fields: 

• a label value of 20 bits 

• a 3-bit QoS priority field 

• a one-bit bottom-of-the-stack flag This indicates that the current label is the last in the stack if it is set. 

• an 8-bit time-to-live (TTL) field 

 

Instead of a lookup into the IP database, these MPLS labeled packets are switched following a Label Lookup/Switch. Label Edge 

Routers are the exit points of an MPLS network (LER). Label Switch Routers (LSR) are routers that only do routing based on Label 

Switching. Penultimate Hop Popping (PHP) could be a function performed by certain routers in an MPLS enabled network. 
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Label Switched Path 

An entrance router is the router that prepends the MPLS header to a packet first. An egress router is the last router in an LSP that 

pops the label from the packet. Transit routers, also known as Label Switching Routers, are intermediate routers that simply need 
to swap labels. When an unlabeled packet arrives at the ingress router and has to be forwarded to an MPLS tunnel, the router 

identifies the packet's forwarding equivalence class and then inserts one (or more) labels into the newly generated MPLS header. 

The packet is subsequently forwarded to the tunnel's next hop router. When an MPLS router receives a labeled packet, the topmost 

label is examined. 

 
 Figure 6: Label Switched Path 

 

A swap, push (impose), or pop (dispose) operation on the packet's label stack can be done based on the contents of the label. 

Routers can have pre-built lookup tables that tell them which action to do based on the topmost label of an incoming packet, 

allowing them to process packets rapidly. In a swap operation, the label is replaced with a new one, and the packet is transmitted 

along the new label's path. A new label is pushed on top of an existing label in a push operation, thus "encapsulating" the packet in 

another layer of MPLS. MPLS packets can now be routed hierarchically.   This is referred to as "decapsulation." The packet "leaves" 

the MPLS tunnel if the popped label was the final on the label stack. The egress router is normally in charge of this, but see PHP 

for more information. 

The contents of the packet below the MPLS Label stack are not checked during these processes. In most cases, transit routers just 

need to look at the topmost label in the stack. The packet is forwarded depending on the contents of the labels, allowing "protocol 

independent packet forwarding" without the requirement for a protocol-dependent routing database and avoiding the costly IP 

longest prefix match at each hop. When the last label is popped at the egress router, only the payload is left. Because it must forward 
the packet without the use of label lookup tables, the egress router must have routing information for the packet's content. There is 

no such requirement for an MPLS transit router. The last label can likewise be removed at the penultimate hop in rare circumstances 

(the hop before the egress router). This can be cited as "Penultimate Hop Popping" (PHP).This might be useful in situations where 

the egress router features a high volume of packets leaving MPLS tunnels and hence spends plenty of CPU time there on. Transit 

routers that are directly connected to this egress router can effectively unload it by popping the last label using PHP. Because 

MPLS' labeled flows can be mapped to ATM virtual circuit identities and vice versa, it can take advantage of existing ATM network 

architecture. 

 

Forwarding Equivalence Class (FEC) 

Through the subnet, it is surely possible for each flow to have its own set of labels. Routers, on the other hand, are more likely to 

group several flows that end at the same router or LAN and use a single flow for them. The flows that are labelled as belonging to 

the same FEC are said to belong to the same FEC (Forwarding Equivalence Class). Because all of their packets are processed, this 

class encompasses not only where the packets are going, but also their service class. 

 
IV. Results 

 

Theorem 4.1. 𝐾𝐾,𝐾
2  is a graceful graph. 

Proof. Consider 𝐾𝐾,𝐾 with the vertex set {𝐾,𝐾,𝐾𝐾,𝐾𝐾, 1 ≤ 𝐾 ≤ 𝐾} where 𝐾𝐾,𝐾𝐾  are the pendant vertices.Let 𝐾 be the graph 

𝐾𝐾,𝐾
2  then |𝐾(𝐾)| = 2𝐾 + 2 and |𝐾(𝐾)| = 4𝐾 + 1. We define the vertex labeling𝐾:𝐾(𝐾) → {0,1,2, … ,4𝐾 + 1} as follows. 

𝐾(𝐾) = 0, 

𝐾(𝐾) = 4𝐾 + 1, 

𝐾(𝐾𝐾) = 𝐾;                         1 ≤ 𝐾 ≤ 𝐾 
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𝐾(𝐾𝐾) = 𝐾(𝐾
𝐾

) + 𝐾;        1 ≤ 𝐾 ≤ 𝐾. 

The vertex function  𝐾defined above induces a bijective edge function 𝐾∗:𝐾(𝐾) → {1,2,3, … ,4𝐾 + 1}. Thus 𝐾 is graceful labeling 

of 𝐾 = 𝐾𝐾,𝐾
2 . Hence, 𝐾𝐾,𝐾

2  is a graceful graph. 

 

Theorem 4.2. 𝐾′(𝐾𝐾,𝐾) is a graceful graph. 

Proof. Consider 𝐾𝐾,𝐾 with the vertex set{𝐾,𝐾,𝐾𝐾,𝐾𝐾,1 ≤ 𝐾 ≤ 𝐾} where 𝐾𝐾,𝐾𝐾 are the pendant vertices. In order to obtain 

𝐾′(𝐾𝐾,𝐾), add 𝐾′,𝐾′,𝐾𝐾
′ ,𝐾𝐾

′  vertices corresponding to 𝐾,𝐾,𝐾𝐾,𝐾𝐾 where, 1 ≤ 𝐾 ≤ 𝐾.If 𝐾 = 𝐾′(𝐾𝐾,𝐾) then |𝐾(𝐾)| = 4(𝐾 +
1) and|𝐾(𝐾)| = 3(2𝐾 + 1). To define the vertex labeling𝐾:𝐾(𝐾) → {0,1,2, … ,6𝐾 + 3}, we consider the following two cases. 

Case 1: n is even. 

  𝐾(𝐾1+𝐾
′ ) = 𝐾 − 1 + 𝐾;                      1 ≤ 𝐾 ≤ 𝐾 − 1 

     𝐾(𝐾) = 2𝐾 − 1,         𝐾(𝐾𝐾) = 1 + 2𝐾;                1 ≤ 𝐾 ≤
𝐾 − 2

2
     𝐾(𝐾) = 0,    

      𝐾 (𝐾𝐾
2

−1+𝐾
) = 5𝐾 + 4 − 2𝐾;             1 ≤ 𝐾 ≤

𝐾 + 2

2
     𝐾(𝐾′) = 2𝐾,𝐾(𝐾1+𝐾

′ ) = 6𝐾 + 3 − 𝐾;      0 ≤ 𝐾 ≤ 𝐾 − 1 

𝐾(𝐾′) = 1, 𝐾(𝐾1) = 𝐾(𝐾𝐾
′ ) − 1,    𝐾(𝐾1

′ ) = 4𝐾,              𝐾(𝐾1+𝐾) = 𝐾(𝐾1) − 2𝐾;                       1 ≤ 𝐾 ≤ 𝐾 −1 

Case 2: n is odd. 

𝐾(𝐾1+𝐾
′ ) = 𝐾 − 1 + 𝐾;                       1 ≤ 𝐾 ≤ 𝐾 − 1 𝐾(𝐾) = 2𝐾 − 1,        𝐾(𝐾𝐾) = 2(𝐾 + 1);                  1 ≤

𝐾 ≤
𝐾−3

2
 

𝐾(𝐾) = 0,                 𝐾 (𝐾𝐾−3

2
+𝐾

) = 5𝐾 + 4 − 2𝐾;              1 ≤ 𝐾 ≤
𝐾 + 3

2
 

𝐾(𝐾′) = 2𝐾,   𝐾(𝐾𝐾
′ ) = 6𝐾 + 4 − 𝐾;                          1 ≤ 𝐾 ≤ 𝐾  

𝐾(𝐾′) = 1,𝐾(𝐾1) = 𝐾(𝐾𝐾
′ ) − 1, 

𝐾(𝐾1
′ ) = 2,𝐾(𝐾1+𝐾) = 𝐾(𝐾1) − 2𝐾;                        1 ≤ 𝐾 ≤ 𝐾 − 1   

The vertex function 𝐾 defined above induces a bijective edge function𝐾∗:𝐾(𝐾) → {1,2,3, … ,6𝐾 + 3}. Thus, f is a graceful labeling 

of𝐾 = 𝐾′(𝐾𝐾,𝐾). Hence, 𝐾′(𝐾𝐾,𝐾) is a graceful graph. 

 

Theorem 4.3.𝐾′(𝐾1,𝐾) is a graceful graph. 

Proof. Let𝐾1 ,𝐾2,𝐾3, … ,𝐾𝐾 be the pendant vertices and 𝐾 be the apex vertex of 𝐾1,𝐾 and 𝐾,𝐾1,𝐾2,𝐾3, … ,𝐾𝐾 be added vertices 

corresponding to  𝐾,𝐾1,𝐾2,𝐾3, … ,𝐾𝐾 to obtain𝐾′(𝐾1,𝐾). Let 𝐾 be the graph 𝐾′(𝐾1,𝐾) then|𝐾(𝐾)| = 2𝐾 + 2 and|𝐾(𝐾)| = 3𝐾. 

We define vertex labeling 𝐾:𝐾(𝐾) → {0,1,2, … ,3𝐾} as follows. 

𝐾(𝐾) = 1,𝐾(𝐾) = 0, 

𝐾(𝐾𝐾) = 2𝐾;                      1 ≤ 𝐾 ≤ 𝐾 

𝐾(𝐾𝐾) = 𝐾(𝐾𝐾) + 𝐾;        1 ≤ 𝐾 ≤ 𝐾 

The vertex function 𝐾 defined above induces a bijective edge function𝐾∗:𝐾(𝐾) → {1,2,3, … ,3𝐾}. Thus, 𝐾 is a graceful labeling of 

𝐾 = 𝐾′(𝐾1,𝐾). Hence, 𝐾′(𝐾1,𝐾) is a graceful graph. 

 

Theorem 4.4. 𝐾′(𝐾𝐾,𝐾) is an odd graceful graph. 

Proof. Consider 𝐾𝐾,𝐾 with the vertex set {𝐾,𝐾,𝐾𝐾,𝐾𝐾, 1 ≤ 𝐾 ≤ 𝐾} where 𝐾𝐾,𝐾𝐾 are the pendant vertices. In order to obtain 

𝐾′(𝐾𝐾,𝐾), add 𝐾′,𝐾′,𝐾𝐾
′ ,𝐾𝐾

′  vertices corresponding to 𝐾,𝐾,𝐾𝐾,𝐾𝐾 where,1 ≤ 𝐾 ≤ 𝐾.If 𝐾 = 𝐾′(𝐾𝐾,𝐾) then |𝐾(𝐾)| = 4(𝐾 +
1) and|𝐾(𝐾)| = 3(2𝐾 + 1). We define vertex labeling𝐾:𝐾(𝐾) → {0,1,2,3, … ,12𝐾 + 5}as follows. 

𝐾(𝐾) = 0, 
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𝐾(𝐾) = 3, 

𝐾(𝐾′) = 2, 

𝐾(𝐾′) = 5, 

𝐾(𝐾𝐾) = 5 + 4𝐾;                      1 ≤ 𝐾 ≤ 𝐾 

𝐾(𝐾𝐾
′ ) = 12𝐾 + 7 − 2𝐾;         1 ≤ 𝐾 ≤ 𝐾 

𝐾(𝐾1
′ ) = 𝐾(𝐾𝐾

′ ) + 1, 

𝐾(𝐾1+𝐾
′ ) = 𝐾(𝐾1

′ ) − 2𝐾;           1 ≤ 𝐾 ≤ 𝐾 − 1 

𝐾(𝐾1) = 𝐾(𝐾𝐾
′ ) − 2, 

𝐾(𝐾1+𝐾) = 𝐾(𝐾1) − 4𝐾;           1 ≤ 𝐾 ≤ 𝐾 − 1  

The vertex function 𝐾 defined above induces a bijective edge function 𝐾∗:𝐾(𝐾) → {1,3,5, … ,12𝐾 + 5}. Thus, 𝐾 is an odd graceful 

labeling of𝐾 = 𝐾′(𝐾𝐾,𝐾). Hence, 𝐾′(𝐾𝐾,𝐾) is an odd graceful graph. 

Theorem 4.5. 𝐾2(𝐾𝐾,𝐾) is an odd graceful graph. 

Proof. Consider two copies of 𝐾𝐾,𝐾. Let{𝐾,𝐾,𝐾𝐾,𝐾𝐾:1 ≤ 𝐾 ≤ 𝐾} and{𝐾′,𝐾′,𝐾𝐾
′ ,𝐾𝐾

′ :1 ≤ 𝐾 ≤ 𝐾} be the corresponding vertex 

sets of each copy of 𝐾𝐾,𝐾. Let 𝐾 be the graph𝐾2(𝐾𝐾,𝐾). Then|𝐾(𝐾)| = 4(𝐾 + 1) and |𝐾(𝐾)| = 4(2𝐾 + 1). We define vertex 

labeling 𝐾:𝐾(𝐾) → {0,1,2,3, … ,16𝐾 + 7} as follows. 

𝐾(𝐾) = 2, 

𝐾(𝐾) = 7, 

𝐾(𝐾′) = 0, 

𝐾(𝐾′) = 3, 

𝐾(𝐾𝐾) = 16𝐾 + 11 − 4𝐾;                  1 ≤ 𝐾 ≤ 𝐾 

𝐾(𝐾𝐾
′ ) = 𝐾(𝐾𝐾) − 4𝐾;                         1 ≤ 𝐾 ≤ 𝐾 

      𝐾(𝐾1+2𝐾) = 16 + 8𝐾;                          0 ≤ 𝐾 ≤ ⌈
𝐾

2
⌉ − 1 

𝐾(𝐾2+2𝐾) = 18 + 8𝐾;                         0 ≤ 𝐾 ≤ ⌊
𝐾

2
⌋ − 1 

𝐾(𝐾1+2𝐾
′ ) = 𝐾(𝐾𝐾−1) + 8(𝐾 + 1);   0 ≤ 𝐾 ≤ ⌈

𝐾

2
⌉ − 1 

           𝐾(𝐾2+2𝐾
′ ) = 𝐾(𝐾𝐾) + 8(𝐾 + 1);        0 ≤ 𝐾 ≤ ⌊

𝐾

2
⌋ − 1   

The vertex function 𝐾 defined above induces a bijective edge function𝐾∗:𝐾(𝐾) → {1,3, … ,16𝐾 + 7}. Thus, 𝐾 is an odd graceful 

labeling for𝐾 = 𝐾2(𝐾𝐾,𝐾). Hence,𝐾2(𝐾𝐾,𝐾) is an odd graceful graph. 

V. Conclusion 

 
Graceful graphs are straightforward to comprehend, yet they include a number of seemingly simple unanswered questions that no 

one has yet been able to overcome. Computational techniques are naturally attracted to graceful graphs. Graceful graphs, as stated 

in our research, have a broader scope for implementation, namely in the field of networking, and with respect to the MPLS protocol, 

Graceful labeling is extremely important in the efficient forwarding of packets for the following reasons: 

 

1. There is no requirement for a label shifting operation. 

2. Provides a time-saving method for marking a network. 

3. You'll need a forwarding table. 

4. Protocol-independent packet forwarding exists. 
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