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ABSTRACT 

This article reviews several of the stochastic programming (SP) outlines which are beneficial in 

applications to asset and liability management. Two such outlines contain recourse models and stochastic 

programming with decision rules. Recent advances also give a representation for the Conditional VaR 

(CVAR) risk measure that can be merely optimized in SP. Ambiguity in ALM stochastic programs is 

embodied through discrete scenarios that are frequently generated through time-series methods. 

Sophisticated methods, for instance those integrating stable distributions, are required to capture 

emblematic characteristics of financial data. 
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1. INTRODUCTION 

Asset and liability management efforts to find the optimal investment plan under uncertainty in 

together the asset and liability streams. In the previous, the two sides of the balance sheet have typically 

been disconnected, but simultaneous attention of assets and liability can be very beneficial when they 

have common risk factors. Assigning assets such that they are extremely correlated with the liabilities 

can rise returns and decrease risk. 

Established in the late 1970’s, immunization is a former ALM method that is to say still very 

popular currently. Bond immunization tries to match the interest rate compassion of a bond portfolio with 

the interest rate sensitivity of a liability stream. The ensuing allocation individual hedges in contradiction 

of a small shift in the term structure of interest rates. This method fails to integrate the stochastic nature 

of interest rates and is a single stage form with no transaction costs. Consequently, immunization is 
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insufficient for the multistage and stochastic problems of asset and liability management. This article 

attentions on the more recent stochastic programming ALM models that effort to capture the active and 

ambiguous characteristics of financial decision making. 

Stochastic programming is fetching more popular in finance by way of computing power rises. 

While multistage SP can sufficiently model lively and stochastic financial problems, truthful ALM 

models could infrequently be solved until recently, and still some generalizations are usually needed to 

implement the problems. But now there have been sufficient advances that SP can get superior outcomes 

to simple diversification. 

The tradeoff among risk and reward is a vital thought in asset and liability management. Two 

significant measures of risk that be contingent on the tail of a loss distribution are the Value-at-Risk and 

the Conditional Value-at-Risk. Distinct VaR, recent results have revealed that CVaR can be simply 

optimized in a convex program. 

2. SCENARIO GENERATION 

The stochastic programming designs used in ALM trust on ambiguity come close to by a discrete 

set of scenarios planned in a tree structure. These scenarios are frequently made by the discretization or 

simulation of a time series model. To belief the solution of a stochastic program, these time series models 

should comprise truthful characteristics of financial data for instance heavy tails, high peaks, skewness, 

long-range dependence, and stochastic instability. These characteristics can be captured by time series 

approaches integrating stable distributions. 

2.1. STABLE DISTRIBUTIONS 

By the Central Limit Theorem, standardized sums of i.i.d. r.v. with finite variance converge weakly 

to the normal r.v., and with infinite variance, and sums meet weakly to a stable r.v. This gives a 

hypothetical basis for the usage of stable distributions when heavy tails are existing. 

A r.v.  𝑥  has a stable distribution if for all  a > 0 and b > 0 there exists  c > 0  and  𝑑 ∈ 𝑅  such 

that: 

             𝑑 

     𝑎𝑥1 + 𝑏𝑥2 = 𝑐𝑥 + 𝑑              (1)     

Where 𝑥1 and 𝑥2 are independent copies of  𝑥 . “Stable distributions” are clear by the parameters 

 𝛼 , 𝛽 , 𝜎  and  𝜇 ,  and are represented by 𝑆𝛼(𝜎 , 𝛽 , 𝜇) . When the index of stability, 𝛼 ∈ (0 , 2],  is small, 

the distribution has a high peak and heavy tails. Gaussian distributions are a subset of the class of entirely 

stable distributions and are found when  𝛼 = 2  . The skewness parameter,  𝛽 , determines if the 

distribution is skewed to the left  (𝛽 < 0) or the right  (𝛽 > 0). The scale parameter, 𝜎 , simplifies the 

notion of standard deviation (σ), and the variation,  𝜎𝛼  , simplifies the notion of variance. 

If 𝛼 ∈ (0 , 2) , the heavy tails can be defined by: 

      𝑃(𝑥 > 𝜆)~𝑘1𝜆−𝛼,   As  𝜆 → ∞   (2) 
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      𝑃(𝑥 < −𝜆)~𝑘2𝜆−𝛼, 

For constants  𝑘1  and  𝑘2 that be contingent on  𝜎  and 𝛽 . In this case, the p-th complete moment of  

𝑥,  𝐸|𝑥|𝑃 = ∫ 𝑃(|𝑥|𝑃 > 𝜆)
∞

0
𝑑𝜆 ,  is finite iff if  𝑃 < 𝛼 . If  𝛼 = 2 , all complete moments are finite. 

Models of financial data classically assume  𝛼 ∈ (1,2], consequently it is possible to discuss expected 

returns. 

In general, there is no closed form density or distribution function for stable r.v. However, the 

characteristic function is identified and can be used to calculate densities through fast Fourier transform 

approaches. 

2.2. FINANCIAL TIME-SERIES 

The usual autoregressive moving average (ARMA) model is every so often adequate intended for 

short-term forecast of stationary time-series. Though, the conditional homoscedasticity property of 

ARMA states that the conditional variance is constant and independent of previous observations. So, 

ARMA cannot paradigm volatility clusters. 

ARMA is likewise inadequate meant for capturing long-range dependence (LRD). In the case of 

originations with finite variance, LRD of data can be defined across the decay of the autocorrelation 

functions 𝜌𝑛 = 𝐶𝑜𝑟𝑟 (𝑥0 ,  𝑥𝑛) , 𝑛 = 0,1, …. . A common classification of LRD is:  

   𝜌𝑛~ 𝑐𝑛−ℎ  as  𝑛 → ∞ ,          (3) 

for all 𝑐 > 0 and  0 < ℎ < 1 . It is said that ARMA processes have an exponential decay of the 

correlation and henceforth cannot model LRD. A fractional integrated ARMA can typical this 

dependence. 

The generalized autoregressive conditional heteroscedastic (GARCH) model is using to take the 

conditional heteroscedasticity, or clustered volatilities, in time-series by means of constant unconditional 

variance. The subsequent is the GARCH model for  휀𝑡 ∶  

       iid 

    휀𝑡 = 𝑐𝑡𝑢𝑡 ,     𝑢𝑡~ 𝑁(0 , 1)  ,      (4) 

Here the process used for the conditional variance  𝑐𝑡
2  is: 

 𝑐𝑡
2 = 𝛼0 + ∑ 𝛼𝑖휀𝑡−𝑖

2

𝑟

𝑖=1

+ ∑ 𝛽𝑗

𝑠

𝑗=1

 𝑐𝑡−𝑗
2 , 𝑐𝑡 > 0 ,                                              (5) 

with all  𝛼𝑖  and  𝛽𝑗   positive constants. The effects of the squared originations decay exponentially, 

in a GARCH process. Similar to ARMA processes, the “fractional integrated GARCH (FIGARCH)” can 

be modeled LRD. In FIGARCH, the ancient shocks to the conditional variance  𝑐𝑡
2 decay at a sluggish 

hyperbolic rate. 

In ARMA-GARCH; the originations of ARMA track a GARCH process. In accumulation to 

volatility clusters, ARMA-GARCH delivers unconditional heavy-tailed distributions, with high peaks. 

Though, the GARCH filtered residuals still possess with heavy tails, thus the next logical step is to 
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comprise non-normal innovations. Three of the recommended non-normal distributions for  𝑢𝑡   are the 

comprehensive error distribution, stable distribution, and Student’s t-distribution. 

Stable GARCH has recompences over other fat-tailed distributions. The initial is the theoretical 

properties declared earlier. The second is that the stable distribution can similarly model conditional 

skewness. The asymmetric stable GARCH process for  휀𝑡   is: 

                 iid 

    휀𝑡 = 𝜇𝑡 + 𝑐𝑡𝑢𝑡 ,     𝑢𝑡~ 𝑆𝛼(1, 𝛽, 0)  ,    (6) 

Here the process for 𝑐𝑡 tracks: 

𝑐𝑡
𝛿 = 𝛼0 + ∑ 𝛼𝑖|휀𝑡−𝑖 − 𝜇𝑡−𝑖|𝛿

𝑟

𝑖=1

+ ∑ 𝛽𝑗

𝑠

𝑗=1

𝑐𝑡−𝑗
𝛿  , 𝑐𝑡 > 0 ,                                    (7) 

with all 𝛼𝑖 and 𝛽𝑗 positive constants. The typical assumption is that 1 < 𝛼 < 2, but this is not very 

limiting since most financial time-series have a limited mean. The stable GARCH equations are often 

specified with 𝛿 = 1. Since 𝛼 > 1, this supposition guarantees the initial moments of 𝑐𝑡 are finite. This 

wouldn’t be the case if 𝛿 ≥ 𝛼 as the initial moments of 𝑐𝑡 would be inestimable for any 𝛼 < 2. 

3. RECOURSE MODELS  

SP with recourse is an overall formulation in which various ALM applications fit. 

3.1. TWO-STAGE RECOURSE 

The two-stage recourse problem permits a recourse conclusion made after ambiguity is realized. 

The first stage is a vector of primary decisions  𝑥1 ∈ 𝑅+
𝑛1  made when there is an identified distribution of 

future ambiguity. The second stage decisions  𝑥2 ∈ 𝑅+
𝑛2 adapt subsequently the uncertainty is realized. 

For example, consider an asset allocation problem: The first stage is the preliminary portfolio, the 

ambiguity is in the stock prices, and the recourse stage is portfolio modifications. This two-stage recourse 

tricky discoveries the best first stage allocations for the assumed distribution of future stock activities. 

For a given primary stage decision vector 𝑥1 , the finest recourse decision is found through the 2nd 

stage problem: 

𝑚𝑖𝑛
𝑥2

𝑞2(𝑥2, 𝜉) 

s. t.      𝐴2(𝜉)𝑥2  =  𝑏2(𝜉) − 𝐵2(𝜉)𝑥1 ,  (8) 

𝑥2 ∈ 𝑅+
𝑛2  , 

Here 𝑞2(𝑥2, 𝜉) is the cost of the decision 𝑥2  meant for the given realization of the 2nd stage 

ambiguity 𝜉. With the optimal objective value of the 2nd stage problem represented by 𝑄(𝑥1, 𝜉) , the full 

two-stage recourse problem is: 

𝑚𝑖𝑛
𝑥1

𝑞1(𝑥1) + 𝐸[𝑄(𝑥1, 𝜉)] 

𝑠. 𝑡.      𝐴1𝑥1  =  𝑏1,     (9) 

𝑥1 ∈ 𝑅+
𝑛1  . 
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Cash flow balancing among stages and an initial wealth restriction are typical instances of 

constraints found in equations (8) and (9).  

Various applications of recourse models in ALM are linear programs. In this case, functions are 

linear in the decision variables: 

𝑞1(𝑥1)  = 𝑐𝑇𝑥1 , 𝑞2(𝑥2 , 𝜉)  = 𝑞(𝜉)𝑇𝑥2  (10) 

Here 𝑐 ∈ 𝑅𝑛1 , and for a given  𝜉 , 𝑞(𝜉) ∈ 𝑅𝑛2.  

After situations have been generated, the recourse problem is transformed into a deterministic equal 

form. Let us assume there are 𝑆 paths in the scenario tree and every scenario 𝑠 has probability 𝑃𝑠   for 𝑠 =

 1, . . . , 𝑆. The two-stage recourse model is then: 

𝑚𝑖𝑛
𝑥1  ,   𝑥2

𝑞1(𝑥1) + ∑ 𝑃𝑠𝑞2
𝑠(𝑥2

𝑠)

𝑆

𝑠=1

 

𝑠. 𝑡.      𝐴1𝑥1  =  𝑏1,     (11) 

      𝐵2
𝑠𝑥1 + 𝐴2

𝑠𝑥2
𝑠 = 𝑏2

𝑠 ,               𝑠 = 1, . . . , 𝑆, 

𝑥1 ∈ 𝑅+
𝑛1  ,   𝑥2 ∈ 𝑅+

𝑛2 . 

The scenario 𝑠  resembles to a realization of ambiguity 𝜉  that determines 

𝑞2(.  , 𝜉) , 𝐵2(𝜉) , 𝐴2(𝜉)  and 𝑏2(𝜉) . These are represented by  𝑞2
𝑠(. ) , 𝐵2

𝑠 , 𝐴2
𝑠   and 𝑏2

𝑠, correspondingly. 

3.2. MULTISTAGE RECOURSE  

The stage in a recourse problem does not essentially correspond to a time period. In a two-stage 

problem, the 2nd stage may practically cover many time periods. For example, consider the asset 

allocation problem anywhere the initial portfolio is constructed at time ‘0’, and the 2nd stage corresponds 

to time periods 1 through 𝜏. If the portfolio is adjusted at time 𝜏′  ,   0 < 𝜏′ < 𝜏 , the re-allocation is made 

by means of knowledge of future ambiguity that should not yet be realized. A multistage recourse 

program can deliver a more realistic model, but it is added complex and can be hard to solve. As per in 

the two-stage problem, the preliminary decision vector 𝑥1 is determined before the first realization of 

uncertainty  𝜉1  , and the 2nd stage decisions 𝑥2 are then completed based on 𝑥1 and  𝜉1 . Similarly in the 

T-stage problem, this process continues for the uncertainties  𝜉𝑡 ,      𝑡 = 1, . . . , 𝑇 − 1 ,  the decision vectors 

 𝑥𝑡  , 𝑡 = 1, . . . , 𝑇. 

The T-stage recourse program pursues to find the optimal decisions {𝑥𝑡}𝑡=1
𝑇  where 𝑥𝑡 ∈ 𝑅+

𝑛𝑡 . Let 

the ambiguity up to stage t, for 𝑡 = 1, . . . , 𝑇 − 1, be signified by 𝜉𝑡 = {𝜉𝑗}
𝑗=1

𝑡
 , where each  𝜉𝑡  is the 

realized indecision between stage 𝑗  and 𝑗 + 1 . The subsequent is a common form of the multistage 

model: 

𝑚𝑖𝑛
𝑥1  

𝑞1(𝑥1) + 𝐸 𝜉1 
[𝑚𝑖𝑛

𝑥2  

 𝑞2(𝑥2 , 𝜉1) + . . . +𝐸 𝜉𝑇−1∣𝜉𝑇−2 [𝑚𝑖𝑛
𝑥𝑇 

 𝑞𝑇(𝑥𝑇 , 𝜉𝑇−1)] . . . ]  

𝑠. 𝑡.      𝐴1𝑥1                                                                               =  𝑏1,  (12) 

   𝐵2(𝜉1)𝑥1 + 𝐴2(𝜉1)𝑥2                                               =  𝑏2(𝜉1),               
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  .       . 

  .       . 

  .       . 

  𝐵𝑇(𝜉𝑇−1)𝑥𝑇−1 + 𝐴𝑇(𝜉𝑇−1)𝑥𝑇                                =  𝑏𝑇(𝜉𝑇−1),               

Again, linear programs are frequently considered in ALM where the costs  𝑞𝑡   are linear in the 

decisions  𝑥𝑡. Additional very common addition to the overhead program is to set various upper and 

lower bounds on the decision vectors  𝑥𝑡.  

The split-variable construction is a deterministic equivalent form that lends the problem to 

decomposition and parallel implementation. Permitting all decisions to be scenario dependent forms S 

independent subproblems. Non-anticipatory, constraints must be explicitly considered in this 

formulation: For any 2 scenarios 𝑠  and 𝑆′  with a common path up to, and including stage 𝑡,  the 

constraints  𝑥𝑗
𝑠 = 𝑥𝑗

𝑆′
, for 𝑗 = 1, . . . , 𝑡, must be imposed.  

Several multistage applications in ALM can be modeled as stochastic generalized networks. This 

means that every scenario subproblem of the split-variable formulation has a full network structure. 

Parallel implementations of highly efficient network algorithms can deliver substantial computational 

advantages; though, some features of a desired application may destroy the network structure.  

Alternative deterministic formulation of the multistage program is the arboresque form that 

implicitly contains the non-anticipatory constraints, but this form won’t keep any network structure 

present.  

Additional, recourses as well as result techniques for 2-stage and multistage linear stochastic 

programs with recourse are found in Birge, Dupaþová et al. (2002), and Louveaux (1997), and Censor 

and Zenios (1997). 

 

 

3.3. SUCCESSFUL APPLICATIONS  

The model in Kusy and Ziemba (1986) is a former application of a 2-stage stochastic linear 

program by means of simple recourse for the Vancouver City Savings Credit Union. The key features 

comprise: changing yield spreads over time, organization of cash flows by matching maturities of assets 

with predictable cash outflows, instantaneous consideration of assets and liabilities to gratify accounting 

principles and match liquidities, several transaction costs, indeterminate cash flows arising from 

ambiguity in withdrawal claims and deposits, undefined interest rates, and legal and policy constraints. 

While the model comprises several multi-period aspects, it is not fully dynamic. As well, scenarios are 

independent over time and are limited to high, average, and low returns. However, even with many 

generalizations, the model generated superior policies.  
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Additional fruitful application is the Russell-Yasuda Kasai model for a Japanese insurance 

company. A 6-stage recourse model incorporates complex liabilities and regulations. A universal 

explanation of this model is found in Carino et al. (1999). 

4. SP WITH DECISION RULES  

Decision rules determine asset allocations and extra money management decisions in every time 

period and do not alteration over the time horizon. One popular decision rule is stated to as fixed-mixed: 

The wealth invested in every asset class is constant. A typical fixed-mixed rule is 60% financed in stocks 

and 40% capitalized in bonds. In the commencement of each time period, the stocks and bonds are 

bought or sold to preserve the desired ratio.  

By means of decision rules knowingly reduces the number of decision variable as compared to the 

preceding multistage SP formulations. Optimizing over decision directions is less computationally 

intense than the large-scale linear programs initiate in these other SP methods; nevertheless, most 

decision rules result in non-convex optimization problems. If a nonlinear programming procedure is used, 

only a local resolution is found, consequently, this algorithm would essential to be re-started at many 

points. Otherwise, a global search algorithm may be used. In either case, here is no guarantee that these 

approaches can find the global solution.  

Furthermore, to being easier to implement, the superiority of the optimal decision rule is usually 

good. Any decision rule can be verified with out-of-sample scenarios, and confidence limits on the risk 

measures can be constructed.  

The existence of heavy tails in multistage asset allocation with fixed-mixed decision rules is 

inspected in Tokat et al. (2003). The decision rule finalizes the wealth financed in a Treasury bill and the 

S & P 500. The returns of the S & P 500 are generated underneath a normal supposition and under a 

stable hypothesis. When the level of risk dislike is high or low, the computational results exemplify that 

the allocations are nearby under both assumptions. With reasonable risk aversion, the stable supposition 

results in less invested in the risky S & P 500 and a higher certainty equivalent concluding wealth. 

5. CONDITIONAL VALUE-AT-RISK  

5.1. DEFINITIONS  

Value-at-Risk (VaR) is a commonly used measure of risk for monetary institutions and regulators. 

For a given, confidence level  𝛼 , VaR is the maximum loss that is exceeded merely  (1 − 𝛼) %  of the 

time. Its ease of understanding services to make VaR a prevalent risk measure.  

The succeeding representations and definitions of VaR and CVaR resemble frequently those of 

Rockafellar and Uryasev (2002). Let  𝑥 ∈ 𝑅𝑛  , be a vector of decisions and  𝐿(𝑥)  be a r.v. representing a 

loss for each 𝑥. For example, 𝐿(𝑥) may be linear in 𝑥 ∶ 

 𝐿(𝑥) = 𝑥1𝑌1+ . . . + 𝑥𝑛𝑌𝑛 .     (13) 
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Here, 𝑌𝑖 could be a r.v. representing a loss (or -ve return) or an individual asset. If the distribution 

function  𝐿(𝑥)  is: 

𝛹𝐿(𝑥 , 휁) = 𝑃[𝐿(𝑥) ≤   휁] ,     (14) 

at that time for a given decision  𝑥,  the VaR at confidence level  𝛼  is given by: 

𝑉𝑎𝑅𝛼(𝑥) = 𝑖𝑛𝑓{휁 ∣ 𝛹𝐿(𝑥 , 휁) ≥ 𝛼} .   (15) 

Alternative, vital tail measure of risk is the Conditional VaR (CVaR). While it is not extensively 

used in finance, it has properties that make it a very logical substitute to VaR. Define a r.v.  𝑇𝛼(𝑥)  on the 

 𝛼 − tail  of loss  𝐿(𝑥)  through the distribution function: 

𝛹𝑇𝛼
(𝑥 , 휁) = {

0      휁 < 𝑉𝑎𝑅𝛼(𝑥)
𝛹𝐿(𝑥  ,   𝜁)−𝛼

1−𝛼
        휁 ≥ 𝑉𝑎𝑅𝛼(𝑥)                        

   (16) 

For a given decision  𝑥, the CVaR at confidence level  𝛼  is the mean of the tail r.v.  𝑇𝛼(𝑥)   with 

distribution function (16): 

𝐶𝑉𝑎𝑅𝛼(𝑥) = 𝐸[𝑇𝛼(𝑥)] .     (17) 

If there is no break in the distribution function of   𝐿(𝑥)  at  𝑉𝑎𝑅𝛼(𝑥)  , CVaR is just the conditional 

expectation beyond VaR.  

To assistance define a sensible risk measure, Artzner et al. (1999) introduce properties that are 

essential of a coherent risk measure; but, VaR does not gratify these properties in general. As is well 

known, VaR is not the sub-additive: Instances have been constructed where the VaR of the sum of 2 

portfolios is larger than the sum of individual VaRs. Lack of subadditivity is very objectionable because 

diversification is not promoted. 

5.2. EQUIVALENT CVAR REPRESENTATION  

A deficiency of convexity of VaR provides to numerical difficulties in optimization. VaR is 

informal to work with when regularity of distributions is supposed, but economic data is logically heavy-

tailed. Moreover, VaR is non-convex and non-smooth in the event of discrete distributions of scenario 

trees. Alternatively, CVaR has a representation that is applied in minimization problems irrespective of 

distributional assumptions. Though, minimization of CVaR may produce very dissimilar solutions than 

minimization of VaR: VaR minimization may give the tail of the distribution outside VaR resulting in a 

poor CVaR value.  

To begin, state the function: 

Γ𝛼(𝑥 , 휁) =  휁 +
1

1−𝛼
𝐸[[𝐿(𝑥) − 휁]+]  ,    (18) 

then CVaR is stated as a minimization through the subsequent result:   Γ𝛼(𝑥 , . )  is finite and 

continuous with: 

𝐶𝑉𝑎𝑅𝛼(𝑥) = 𝑚𝑖𝑛
𝜁 ∈ 𝑅

  Γ𝛼(𝑥 , 휁) .     (19) 

As a corollary, it can be made known that, if  𝐿(𝑥)  is convex in  𝑥, then  𝐶𝑉𝑎𝑅𝛼(𝑥)  is convex in  𝑥 

and the Γ𝛼(𝑥 , 휁)   is jointly convex in  (𝑥 , 휁) . Also, if a constraint set 𝑋 is convex, the subsequent result 
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produces a convex minimization problem in  (𝑥 , 휁)  : Minimizing 𝐶𝑉𝑎𝑅𝛼(𝑥)  w.r.t  𝑥 ∈ 𝑋  is equivalent 

to minimizing   Γ𝛼(𝑥 , 휁)   w.r.t   (𝑥 , 휁) ∈ 𝑋 × 𝑅 , i.e. 

𝑚𝑖𝑛 
𝑥∈ 𝑋

𝐶𝑉𝑎𝑅𝛼(𝑥) = 𝑚𝑖𝑛
(𝑥 ,𝜁)∈𝑋×𝑅

  Γ𝛼(𝑥 , 휁) .    (20) 

The proofs of these outcomes are found in Rockafellar and Uryasev (2002). There are very alike 

results for Conditional VaR constraints in optimization problems.  

When  𝐿(𝑥)  , has a discrete distribution arising from, for instance, a scenario tree or sampling, 

equation (18) turns out to be: 

�̃�𝛼(𝑥 , 휁) =  휁 +
1

1−𝛼
∑ 𝑃𝑠[𝐿𝑠(𝑥) − 휁]+ 𝑆

𝑠=1  ,    (21) 

where the r.v.  𝐿(𝑥)  takes the value  𝐿𝑠(𝑥)  with probability  𝑃𝑠   for 𝑠 = 1, . . . , 𝑆 . Additionally, if 

 𝐿(𝑥)  is linear in  𝑥,  then  �̃�𝛼   is convex and piecewise linear.  

5.3. CONDITIONAL VAR RISK REWARD OPTIMIZATION  

To put on the above results to the single period asset allocation problem, express the constraint set: 

𝑋 =  {𝑥 ∈ 𝑅𝑛 ∣ ∑ 𝑥𝑗 = 1,   𝑥𝑗 ≥ 0,    𝑗 = 1, . . . , 𝑛𝑛
𝑗=1 }  ,    (22) 

where  𝑥 ∈ 𝑋 , represents positions in  𝑛  assets. The random return on these assets at the close of 

the time period is signified by  𝑟 = (𝑟1, . . . , 𝑟𝑛)𝑇 ,   and the total negative return of the portfolio is, then 

given by: 

𝐿(𝑥)  = −𝑥𝑇𝑟 .      (23) 

Here the mean of  𝑟  is given by the vector  𝜇 , then the risk-reward problem is: 

𝑚𝑖𝑛
𝑥∈ 𝑋

 𝐶𝑉𝑎𝑅𝛼(𝑥)   𝑠. 𝑡.   𝑥𝑇𝜇 ≥ 𝜇0 ,    (24) 

where  𝜇0  , is the compulsory portfolio return. If the ambiguity in the return is given through the 

set of scenarios  {𝑟1, . . . , 𝑟𝑆} , the equivalent formulation is: 

𝑚𝑖𝑛
𝑥 ,   𝜁

 휁 +
1

1 − 𝛼
∑ 𝑃𝑠[−𝑥𝑇𝑟𝑠 − 휁]+

𝑆

𝑠=1

 

𝑠. 𝑡.      𝑥𝑇𝜇 ≥  𝜇0,     (25) 

      𝑥 ∈ 𝑋  , 휁 ∈ 𝑅 , 

and by presenting auxiliary variables   𝑦𝑠 , 𝑠 =  1, … , 𝑆 , a linear program result: 

𝑚𝑖𝑛
𝑥 ,𝜁,𝑦𝑠

 휁 +
1

1 − 𝛼
∑ 𝑃𝑠𝑦𝑠

𝑆

𝑠=1

 

𝑠. 𝑡.      𝑥𝑇𝜇 ≥  𝜇0,     (26) 

                          𝑥𝑇𝑟𝑠 + 휁 + 𝑦𝑠 ≥ 0 ,   𝑠 = 1, . . . , 𝑆 

  𝑦𝑠 ≥ 0  ,                        𝑠 = 1, . . . , 𝑆 

      𝑥 ∈ 𝑋  , 휁 ∈ 𝑅 . 
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6. CONCLUSIONS AND PRESENT RESEARCH  

SP captures the stochastic and lively nature of ALM problems extra realistically than the current 

standard approaches of immunization. But, due to the computational difficulty of SP models, it is only 

until freshly that SP has increased applicability in industry. Still, some generalizations such as decision 

rules are frequently needed in execution.  

SP ALM relies on indecision modeled through a discrete set of the scenarios. Although, there has 

been some work reviewing the effects of stable distributions in SP, ALM applications and case studies 

have been honestly limited in incorporating the numerous characteristics of financial time-series. This is 

the one area of current research being followed by the authors.  

It is identified that GARCH and further time-series methods make scenarios that severely over 

prediction the unconditional volatility at distant time periods. This produces a problem as ALM models 

should comprise scenarios far into the future. At extended horizons, it appears more suitable to generate 

scenarios that match the future volatilities oblique by the market data. This is a 2nd area of continuing 

research: make scenario trees that use past time-series, for instance stable GARCH, for early time 

periods, but produce scenarios for later time periods that approve with the market data.  

CVaR has the needed property of unity that is lacking in other common risk measures, such as VaR 

and variance. Additionally, recent advances have revealed that Conditional VaR has an equivalent 

representation that lends itself to convex optimization in SP. A 3rd area of recent research is to examine 

the effects of the distributional assumptions on the optimal allocations of ALM models with Conditional 

VaR constraints. CVaR is thoroughly related to the probable loss in the tail of distribution, so the stable 

postulation will provide a further exact risk measurement than the normal assumption. Consequently, the 

stable assumption should progress the optimal allocations. 
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